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1. Introduction
The study of complex and symplectic manifolds has a long tradition and is still one of the most active research ﬁelds in
differential geometry. When we start from an even-dimensional homogeneous manifold, a natural problem is to determine
its complex and symplectic structures which are invariant under the group action, and there is a large literature devoted to
this topic. Recently, Ovando [19–21] obtained the complete classiﬁcation of left-invariant complex, symplectic and pseudo-
Kähler structures on four-dimensional (solvable) Lie algebras. This leaves open the problem to determine invariant structures
of this type on four-dimensional homogeneous manifolds with a non-trivial isotropy. In [8], invariant symplectic, complex
and Kähler structures on four-dimensional non-reductive homogeneous pseudo-Riemannian manifolds were classiﬁed.
In this article we consider four-dimensional generalized symmetric spaces and classify their invariant symplectic, com-
plex and paracomplex structures. Following [10], four-dimensional generalized symmetric spaces are classiﬁed into four
types, denoted by A, B,C, D . Except from type C , which is Lorentzian, in the remaining cases the associated pseudo-
Riemannian metric is of signature either (4,0), (2,2) or (0,4). Hence, these spaces may carry some either complex or
paracomplex structures compatible with their invariant metrics. Different interesting behaviours are found. Generalized
symmetric spaces of type A (both Riemannian and of neutral signature) admit invariant Kähler structures compatible with
their invariant metrics, the ones of type B admit invariant almost complex structures (also almost Kähler) but not complex
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G. Calvaruso / Differential Geometry and its Applications 29 (2011) 758–769 759structures, and the ones of type D do not admit any invariant almost complex structure compatible with their metric. The
results about paracomplex geometry are somewhat dual: we get invariant para-Kähler structures for type D , paracomplex
(but not para-Kähler) for type B , while no invariant almost paracomplex structures occur for type A. Moreover, generalized
symmetric spaces of type B admit invariant almost para-hypercomplex structures compatible with their invariant metric.
The paper is organized in the following way. In Section 2 we report some basic facts on generalized symmetric spaces,
with the classiﬁcation of four-dimensional pseudo-Riemannian examples as described in [10], and on symplectic, complex
and Kähler manifolds and their paracomplex analogues. The existence of symplectic, (para)complex and (para)Kähler struc-
tures on four-dimensional pseudo-Riemannian generalized symmetric spaces of type A, B and D will be investigated in
Sections 3, 4 and 5, respectively. These results are then used in Section 6 to build some new examples of ﬁve-dimensional
homogeneous (para)Sasakian and K -(para)contact manifolds, obtained by contactization of four-dimensional symplectic gen-
eralized symmetric spaces.
2. Preliminaries
Let (M, g) be a connected pseudo-Riemannian manifold and x a point of M . A symmetry at x is an isometry sx of M ,
having x as isolated ﬁxed point. When (M, g) is a symmetric space, each point x admits a symmetry sx reversing geodesics
through the point. Hence, sx is involutive for all x. This property was generalized by Ledger, who deﬁned a regular s-structure
as a family {sx: x ∈ M} of symmetries of (M, g) satisfying
sx ◦ sy = sz ◦ sx, z = sx(y),
for all points x, y of M . The order of an s-structure is the least integer k  2, such that (sx)k = idM for all x (it may
happen that k = ∞). A generalized symmetric space is a connected pseudo-Riemannian manifold (M, g) admitting a regular
s-structure. The order of a generalized symmetric space is the inﬁmum of all integers k  2 such that M admits a regular
s-structure of order k.
Generalized symmetric spaces have been intensively studied under different points of view. Finite order automorphisms
of semisimple Lie algebras and Riemannian manifolds with geodesic symmetries of order 3 were studied respectively in
[15] and [14]. In [17], Kowalski made a systematic study of generalized symmetric spaces in an “elementary” way, that is,
without involving neither topological invariants nor advanced algebra. Homogeneous structures of generalized symmetric
Riemannian spaces were studied in [13]. Terzic´ classiﬁed generalized symmetric spaces deﬁned as quotients of compact
simple Lie groups, describing explicitly their real cohomology algebras [24] and calculating their real Pontryagin characteris-
tic classes [25]. As shown in [16], all generalized symmetric spaces are formal (their rational homotopy type is determined
by their rational cohomology algebra alone), although in many cases they are not geometrically formal, that is, the product
of harmonic forms is not always harmonic.
Four-dimensional generalized symmetric spaces were classiﬁed by Cˇerný and Kowalski. The classiﬁcation result is the
following.
Theorem 2.1. (See [10].) All proper, simply connected generalized symmetric spaces (M, g) of dimension n = 4 are of order 3 or 4, or
inﬁnity. All these spaces are indecomposable, and belong (up to an isometry) to the following four types:
Type A. The underlying homogeneous space is G/H, where
G =
(a b u
c d v
0 0 1
)
, H =
( cos t − sin t 0
sin t cos t 0
0 0 1
)
with ad − bc = 1. (M, g) is the space R4(x, y,u, v) with the pseudo-Riemannian metric
g = ±[(−x+√1+ x2 + y2)du2 + (x+√1+ x2 + y2)dv2 − 2y2 du dv]
+ λ[(1+ y2)dx2 + (1+ x2)dy2 − 2xy dxdy] / (1+ x2 + y2),
where λ = 0 is a real constant. The order is k = 3 and possible signatures are (4,0), (0,4), (2,2). The typical symmetry of order 3 at
the initial point (0,0,0,0) is the transformation
u′ = −(1/2)u − (√3/2)v, v ′ = −(√3/2)u − (1/2)v,
x′ = −(1/2)x+ (√3/2)y, y′ = −(√3/2)x− (1/2).
Type B. The underlying homogeneous space is G/H, where
G =
⎛
⎜⎝
e−(x+y) 0 0 a
0 ex 0 b
0 0 ey c
⎞
⎟⎠ , H =
⎛
⎜⎝
1 0 0 −w
0 1 0 −2w
0 0 1 2w
⎞
⎟⎠ .0 0 0 1 0 0 0 1
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g = λ(dx2 + dy2 + dxdy)+ e−y(2dx+ dy)dv + e−x(dx+ 2dy)du,
where λ is a real constant. The order is k = 3 and the signature is (2,2). The typical symmetry of order 3 at the initial point (0,0,0,0)
is the transformation
u′ = −ue(y−x) − v, v ′ = ue−(y+2x), x′ = y, y′ = −(x+ y).
Type C. The underlying homogeneous space is the matrix group
G =
⎛
⎜⎝
e−t 0 0 x
0 et 0 y
0 0 1 z
0 0 0 1
⎞
⎟⎠ .
(M, g) is the space R4(x, z,u, t) with the pseudo-Riemannian metric
g = ±(e2t dx2 + e−2t dy2)+ dzdt.
The order is k = 4 and possible signatures are (1,3), (3,1). The typical symmetry of order 4 at the initial point (0,0,0,0) is the
transformation
x′ = −y, y′ = x, z′ = −z, t′ = −t.
Type D. The underlying homogeneous space is G/H, where
G =
(a b x
c d y
0 0 1
)
, H =
( et 0 0
0 e−t 0
0 0 1
)
with ad − bc = 1. (M, g) is the space R4(x, y,u, v) with the pseudo-Riemannian metric
g = (sinh(2u) − cosh(2u) sin(2v))dx2 + (sinh(2u) + cosh(2u) sin(2v))dy2
− 2cosh(2u) cos(2v)dxdy + λ(du2 − cosh2(2u)dv2),
where λ = 0 is a real constant. The order is inﬁnite and the signature is (2,2). The typical symmetry at the initial point (0,0,0,0) is
induced by the automorphism of G of the form:
a′ = a, b′ = (1/α2)b, c′ = α2c, d′ = d, x′ = (1/α)x, y′ = αy,
where α = 0,±1.
Any generalized symmetric space is homogeneous. Moreover, it admits at least one structure of reductive homogeneous
space with an invariant metric [10]. With regard to the four-dimensional examples, such a reductive decomposition corre-
sponds to their realizations as coset spaces G/H listed in Theorem 2.1 above. Starting from the classiﬁcation result proved
in [10], several geometric features of four-dimensional generalized symmetric spaces have been studied: homogeneous
geodesics [12], curvature properties [6], harmonicity properties of invariant vector ﬁelds [5].
We end this section reporting some basic information on symplectic forms, complex and Kähler structures and their
paracomplex analogues (for which we may refer to the wide survey [11] and to the updated survey inserted in [2]). Let M
a real smooth manifold of dimension 2n. A symplectic structure on M is a 2-form Ω , such that (s1) dΩ = 0 and (s2) Ωn is
a volume form on M .
Next, let T denote a smooth tensor of type (1,1) on M . If T = J satisﬁes ( j1) J2 = −Id, then it is called an almost
complex structure on M . Correspondingly, if T = J˜ satisﬁes ( j˜1) J˜2 = Id and its eigenvalues −1 and +1 have the same rank,
then it is called an almost paracomplex structure. The integrability of T is expressed by the vanishing of its Nijenhuis tensor,
deﬁned by
[T , T ](X, Y ) := [T X, T Y ] + T 2[X, Y ] − T [T X, Y ] − T [X, T Y ], (2.1)
for all tangent vector ﬁelds X, Y . In such case, T = J (respectively, T = J˜ ) is called a complex structure (respectively, a para-
complex structure).
Let g denote a pseudo-Riemannian metric on M . The compatibility of T with g is expressed by
g(T X, Y ) + g(X, T Y ) = 0, (2.2)
G. Calvaruso / Differential Geometry and its Applications 29 (2011) 758–769 761for all tangent vector ﬁelds X, Y . When (2.2) holds, one can consider the fundamental 2-form Ω(X, Y ) := g(X, T Y ). If
T = J (respectively, T = J˜ ) and Ω is a symplectic structure, then (M, g, J ,Ω) (respectively, (M, g, J˜ ,Ω)) is said to be an
almost pseudo-Kähler manifold (respectively, an almost para-Kähler manifold). In particular, a pseudo-Kähler structure is a triple
(g, J ,Ω), formed by a pseudo-Riemannian metric g , a compatible complex structure J and the associated symplectic form.
Para-Kähler structures are deﬁned in the corresponding way.
Consider now a homogeneous space M = G/H , with H connected. Let g and h respectively denote the Lie algebra of G
and the isotropy subalgebra, and m = g/h the factor space, which identiﬁes with a subspace of g complementary to h. The
pair (g,h) uniquely deﬁnes the isotropy representation
ρ : h → gl(m), ρ(x)(y) = [x, y]m for all x ∈ h, y ∈ m.
A linear map T : m → m is invariant if and only if T commutes with the isotropy representation, while a 2-form Ω on m is
invariant if and only if ρ(x)t ◦ Ω + Ω ◦ ρ(x) = 0, for all x ∈ h, where ρ(x)t denotes the transpose of ρ(x).
In particular, invariant symplectic structures on M = G/H are in a one-to-one correspondence with non-degenerate
invariant skew-symmetric bilinear forms Ω on m, such that
dΩ(x, yz) = −Ω([x, y]m, z)+ Ω([x, z]m, y)− Ω([y, z]m, x)= 0, (2.3)
for all x, y, z ∈ m. In the same way, invariant almost (para)complex structures on M = G/H are in a one-to-one correspon-
dence with almost (para)complex structures on m which commute with the isotropy representation. Clearly, given a basis
{e1, . . . , er,u1, . . . ,u2n} of g, where {e j} and {ui} are bases of h and m, a 2-form Ω and a linear map T : m → m are uniquely
determined by the matrices of their components with respect to {ui}, which we shall denote again by Ω and T , respectively.
In particular, suppose that dim(m) = 4 and {ui} is a pseudo-orthonormal basis of m with respect to g , with g(u1,u1) =
g(u2,u2) = 1 and g(u3,u3) = g(u4,u4) = ε = ±1. Then, compatibility condition (2.2) yields at once that, with respect to
{ui},
T =
⎛
⎜⎝
0 T12 T13 T14
−T12 0 T23 T24
−εT13 −εT23 0 T34
−εT14 −εT23 −T34 0
⎞
⎟⎠ . (2.4)
3. Type A
The invariant metric g of a four-dimensional generalized symmetric space of type A is either of neutral signature or
deﬁnite. We treat these cases separately.
Riemannian case. Consider ﬁrst a four-dimensional generalized symmetric space of type A, (M = G/H, g), with g of signa-
ture either (4,0) or (0,4). For the reductive decomposition g = m ⊕ h of the Lie algebra g of G , we know from [10] that
there exists a basis {X1, Y1, X2, Y2} of m and a basis {B} of h, with respect to which the Lie brackets and inner product
(reversing the metric [18] if needed) are respectively described by
[ , ] X1 Y1 X2 Y2 B
X1 0 0 −X1 Y1 Y1
Y1 0 0 Y1 X1 −X1
X2 X1 −Y1 0 −2B −2Y2
Y2 −Y1 −X1 2B 0 2X2
B −Y1 X1 2Y2 −2X2 0
and
g X1 Y1 X2 Y2
X1 1 0 0 0
Y1 0 1 0 0
X2 0 0 2/ 0
Y2 0 0 0 2/
for a real constant  > 0. We then put λ = 2/ and construct an orthonormal frame ﬁeld {u1,u2,u3,u4}, setting
u1 = X1, u2 = Y1, u3 = 1√
λ
X2, u4 = 1√
λ
Y2. (3.1)
Consider the skew-symmetric matrix Ω associated to an arbitrary invariant skew-symmetric bilinear form on m with
respect to {ui}. The isotropy subalgebra h is spanned by B and so, Ω is invariant if and only if ρ(B)T ◦ Ω + Ω ◦ ρ(B) = 0.
By a direct calculation, this condition yields Ω13 = Ω14 = Ω23 = Ω24 = 0. The integrability condition (2.3) then holds for
all skew-symmetric bilinear forms satisfying these restrictions. Moreover, Ω2 is a volume form if and only if Ω12Ω34 = 0.
Therefore, denoted by {ui} the basis of 1-forms dual to {ui}, we have the following.
762 G. Calvaruso / Differential Geometry and its Applications 29 (2011) 758–769Theorem 3.1. A four-dimensional Riemannian generalized symmetric space (M = G/H, g) of type A admits a two-parameter family
of invariant symplectic forms, described, with respect to the basis {ui} of 1-forms dual to the orthonormal basis (3.1) of m, by
Ω = Ω12u1 ∧ u2 + Ω34u3 ∧ u4, (3.2)
with Ω12Ω34 = 0.
Next, consider a linear map T : m → m. As the basis {ui} described in (3.1) is orthonormal, with respect to {ui} the map
T is described as in (2.4), with ε = 1. Moreover, T is invariant if it commutes with the isotropy representation, that is,
T ◦ ρ(B) = ρ(B) ◦ T . This easily yields
T =
⎛
⎜⎝
0 T12 0 0
−T12 0 0 0
0 0 0 T34
0 0 −T34 0
⎞
⎟⎠ . (3.3)
It follows at once from (3.3) that T 2 = Id. Therefore, there are not invariant almost paracomplex structures compatible
with g . On the other hand, T = J satisﬁes ( j1) if and only if T12 = ±1 and T34 = ±1. Hence, up to sign there exist two
distinct invariant almost complex structures on M = G/H , compatible with g , given by
J u1 = u2, J u3 = εu4 = ±u4. (3.4)
We then check the integrability condition (2.1) for these almost complex structure. We easily ﬁnd that (2.1) holds if and
only if ε = −1. Thus, we obtained the following.
Theorem 3.2. Any four-dimensional Riemannian generalized symmetric space (M = G/H, g) of type A admits two distinct invari-
ant almost complex structures compatible with g. With respect to the orthonormal basis (3.1) of m, these invariant almost complex
structures are described by (3.4). In particular, up to sign there exists a unique invariant complex structure, given by
Ju1 = u2, J u3 = −u4. (3.5)
Moreover, a four-dimensional Riemannian generalized symmetric space (M = G/H, g) of type A does not admit any invariant almost
paracomplex structure compatible with g.
Finally, starting from (3.4), it is easily seen that the fundamental 2-form g(X, J Y ) of any almost complex structure J
compatible with g is of the form (3.2), with Ω12 = −1 and Ω34 = −ε. So, the fundamental 2-form is symplectic. Therefore,
we have the following.
Theorem3.3. Let (M = G/H, g) be a four-dimensional Riemannian generalized symmetric space of type A. Then, (M = G/H, g, J ,Ω)
is a homogeneous almost Kählermanifold, for both its invariant almost complex structures J given by (3.4), whereΩ is the fundamental
2-form determined by g and J .
Corollary 3.4. Any four-dimensional Riemannian generalized symmetric space (M = G/H, g) of type A has a structure of homoge-
neous Kähler manifold, namely, the one determined by the complex structure J , unique up to sign, given by (3.5).
Pseudo-Riemannian case. Let now (M = G/H, g) be a four-dimensional generalized symmetric space of type A with g an
invariant metric of neutral signature (2,2). Following [10], the Lie algebra g = m⊕h admit a basis {X1, Y1, X2, Y2, B}, where
{X1, Y1, X2, Y2} and {B} are bases of m and h respectively, such that
[ , ] X1 Y1 X2 Y2 B
X1 0 0 −δX1 δY1 Y1
Y1 0 0 δY1 δX1 −X1
X2 δX1 −δY1 0 −2δ2B −2Y2
Y2 −δY1 −δX1 2δ2B 0 2X2
B −Y1 X1 2Y2 −2X2 0
where δ > 0 is a real constant, and
g X1 Y1 X2 Y2
X1 1 0 0 0
Y1 0 1 0 0
X2 0 0 −2 0
Y2 0 0 0 −2
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u1 = X1, u2 = Y1, u3 = 1√
2
X2, u4 = 1√
2
Y2. (3.6)
Clearly, u1,u2 are space-like, while u3,u4 are time-like. Calculations and results for invariant symplectic and complex forms
are very similar to the Riemannian case above. For this reason, some details will be omitted.
A non-degenerate invariant skew-symmetric bilinear form Ω on m is invariant if and only if ρ(B)T ◦ Ω + Ω ◦ ρ(B) = 0,
which gives Ω13 = Ω14 = Ω23 = Ω24 = 0. The integrability condition (2.3) is then satisﬁed. Thus, Ω is again of the form
(3.2), but with respect to the pseudo-orthonormal basis (3.6). So, we have the following.
Theorem 3.5. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type A admits a two-parameter
family of invariant symplectic forms, described by (3.2) with respect to the basis {ui} dual to the pseudo-orthonormal basis (3.1) of m.
Consider now a linear map T : m → m, satisfying the compatibility condition (2.2). The basis {ui} described in (3.6) is
pseudo-orthonormal, and with respect to {ui} the map T is described as in (2.4), with ε = −1. Requiring that T is invariant,
we get that T is again of the form (3.3), but with respect to the pseudo-orthonormal basis (3.6). In particular, T 2 = Id.
Next, T = J satisﬁes ( j1) if and only if T12 = ±1 and T34 = ±1. Hence, up to sign an invariant almost complex structure
on M = G/H , compatible with g , has again the general form (3.4). With regard to integrability, it is easily seen that condition
(2.1) holds if and only if ε = −1, that is, when J is of the form (3.5). Therefore, the following result holds.
Theorem 3.6. Any four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type A admits two distinct
invariant almost complex structures compatible with g.With respect to the pseudo-orthonormal basis (3.6) ofm, these invariant almost
complex structures are described by (3.4). In particular, up to sign there exists a unique invariant complex structure, given by (3.5).
Moreover, the fundamental 2-form g(X, J Y ) of any almost complex structure is of the form (3.2), with Ω12 = −1 and
Ω34 = ε. Thus, we have the following.
Theorem 3.7. Let (M = G/H, g) be a four-dimensional pseudo-Riemannian generalized symmetric space of type A. Then, (M =
G/H, g, J ,Ω) is a homogeneous almost pseudo-Kähler manifold, for both its invariant almost complex structures J given by (3.4)
with respect to the pseudo-orthonormal basis (3.6) of m, where Ω is the fundamental 2-form determined by g and J .
Corollary 3.8. Any four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type A has a structure of
homogeneous pseudo-Kähler manifold, namely, the one determined with respect to the pseudo-orthonormal basis (3.6) by the complex
structure J , unique up to sign, given by (3.5).
4. Type B
Let (M = G/H, g) be a four-dimensional generalized symmetric space of type B and g = m ⊕ h denote the Lie algebra
of G . Then, m and h admit bases {X1, Y1, X2, Y2} and {A} respectively, such that the Lie brackets are given by
[ , ] X1 Y1 X2 Y2 A
X1 0 0 −X1 ±A + Y1 0
Y1 0 0 ∓A + Y1 X1 0
X2 X1 ±A − Y1 0 0 2Y1
Y2 ∓A − Y1 −X1 0 0 −2X1
A 0 0 −2Y1 2X1 0
and the inner product is described by
g X1 Y1 X2 Y2
X1 0 0 −1 0
Y1 0 0 0 −1
X2 −1 0 2λ 0
Y2 0 −1 0 2λ
where λ is a real constant (see [10]). Thus, we can construct a pseudo-orthonormal frame ﬁeld {u1,u2,u3,u4}, putting
u1 = (λ − 12 )X1 + X2, u2 = (λ − 12 )Y1 + Y2,
u3 = (λ + 12 )X1 + X2, u4 = (λ + 12 )Y1 + Y2,
(4.1)
where u1,u2 are space-like while u3,u4 are time-like.
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components with respect to {ui}. Then, Ω is invariant if and only if ρ(A)T ◦ Ω + Ω ◦ ρ(A) = 0, which gives Ω13 + Ω24 = 0
and Ω12 −Ω14 +Ω23 +Ω34 = 0. Hence, Ω24 = −Ω13 and Ω34 = −Ω12 +Ω14 −Ω23. Taking into account these restrictions,
a standard calculation gives that the integrability condition (2.3) is satisﬁed if and only if Ω13 = Ω14 + Ω23 = 0. Since Ω
must satisfy condition (s2), we have to require that Ω12 − Ω14 = 0. In this way, we proved the following.
Theorem 4.1. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type B admits a two-parameter
family of invariant symplectic forms, described, with respect to the basis {ui} of 1-forms dual to the pseudo-orthonormal basis (4.1)
of m, by
Ω = Ω12 u1 ∧ u2 + Ω14
(
u1 ∧ u4 − u2 ∧ u3)− (Ω12 − 2Ω14)u3 ∧ u4, (4.2)
with Ω12 = Ω14 .
We now look for invariant almost complex and paracomplex structures on (M = G/H, g) compatible with g . Consider
a linear map T : m → m. The basis {ui} described in (4.1) is pseudo-orthonormal with g(u3,u3) = g(u4,u4) = −1. Hence,
with respect to {ui}, the map T is described as in (2.4), with ε = −1. Requiring that T is invariant, it must commute with
the isotropy representation. This yields T24 = −T13, T34 = T12 − T14 + T23, that is,
T =
⎛
⎜⎝
0 T12 T13 T14
−T12 0 T23 −T13
T13 T23 0 T12 − T14 + T23
T14 −T13 −T12 + T14 − T23 0
⎞
⎟⎠ . (4.3)
We ﬁrst determine when T = J is an almost complex structure. We ﬁnd that J2 = −Id if and only if T14 = T23 =
±
√
T 212 − T 213 − 1. Therefore, an invariant almost complex structure on M = G/H , compatible with g , has the general form
J =
⎛
⎜⎜⎜⎜⎜⎜⎝
0 J12 J13 ±
√
J212 − J213 − 1
− J12 0 ±
√
J212 − J213 − 1 − J13
J13 ±
√
J212 − J213 − 1 0 J12
±
√
J212 − J213 − 1 − J13 − J12 0
⎞
⎟⎟⎟⎟⎟⎟⎠
. (4.4)
Next, a standard calculation proves that the integrability condition (2.1) holds if and only if J13 = 0 and 3 J212 +1 = 0, which
cannot occur. Therefore, none of almost complex structures described in (4.4) is integrable. So, we proved the following.
Theorem 4.2. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type B admits a two-parameter
family of invariant almost complex structures J compatible with its invariant pseudo-Riemannian metric g, namely, all the ones of the
form (4.4) with respect to the pseudo-orthonormal basis (4.1), with J212 − J213 − 1  0. None of these almost complex structures is
integrable.
Let now J denote an arbitrary invariant almost complex structure of the form (4.4). Its fundamental 2-form Ω is of the
form (4.2) (and so, symplectic) if and only if J12 = ±1 and J13 = 0. In this case, Ω is given by (4.2) with Ω12 = J12 and
Ω14 = 0. Thus, we have the following.
Theorem 4.3. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type B is a homogeneous almost
pseudo-Kähler manifold (but is not pseudo-Kähler). With respect to the pseudo-orthonormal basis (4.1), its invariant almost pseudo-
Kähler structure is the one determined by the almost complex structure (unique up to sign)
J u1 = u2, J u3 = u4. (4.5)
We now consider almost paracomplex structures. Starting from (4.3), we have that T = J˜ satisﬁes J˜2 = Id if and only if
T14 = T23 = ±
√
T 212 − T 213 + 1. Hence, an invariant almost paracomplex structure on M = G/H , compatible with g , has the
general form
J˜ =
⎛
⎜⎜⎜⎜⎜⎜⎝
0 J˜12 J˜13 ±
√
J˜212 − J˜213 + 1
− J˜12 0 ±
√
J˜212 − J˜213 + 1 − J˜13
J˜13 ±
√
J˜212 − J˜213 + 1 0 J˜12
±
√
J˜2 − J˜2 + 1 − J˜ − J˜ 0
⎞
⎟⎟⎟⎟⎟⎟⎠
. (4.6)12 13 13 12
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which cannot occur.
Finally, we check the integrability condition (2.1) for an arbitrary almost paracomplex structure J˜ of the form (4.6).
A long but straightforward calculation yields that J˜ is integrable if and only if
( J˜12, J˜13) = either
(
± 1√
3
,0
)
, ±
(
1√
3
,1
)
or ±
(
1√
3
,−1
)
. (4.7)
Hence, up to sign, there exist three distinct invariant paracomplex structures compatible with g . Calculations above are
resumed in the following.
Theorem 4.4. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type B admits a two-parameter
family of invariant almost paracomplex structures J˜ compatible with its invariant pseudo-Riemannian metric g, namely, all the ones
of the form (4.6) with respect to the pseudo-orthonormal basis (4.1), with J˜212 − J˜213 + 1 0. The fundamental 2-form of these almost
paracomplex structures in never symplectic.
Moreover, up to sign there exist three distinct invariant paracomplex structures compatible with g, namely, the ones of the form
(4.6) and satisfying (4.7).
Corollary 4.5. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type B is a homogeneous para-
Hermitian manifold but is not homogeneous (almost) para-Kähler.
We recall that an almost para-hypercomplex structure on a manifold M of dimension 4n is a pair ( J , J˜ ), formed by an
almost complex structure J and an almost paracomplex structure J˜ , such that J ◦ J˜ + J˜ ◦ J = 0 (see [2] and references
therein). In this case, the product I˜ = J ◦ J˜ is another almost paracomplex structure on M . If both J and J˜ are integrable,
then the pair ( J , J˜ ) is called a para-hypercomplex structure. When J and J˜ are respectively (almost) Kähler and para-Kähler,
the pair ( J , J˜ ) is called an (almost) para-hyper-Kähler structure.
Consider now invariant almost complex structures J and almost paracomplex structures J˜ on a generalized symmetric
space of type B , as described in Eqs. (4.4) and (4.6) respectively. Then, it is easy to check that J and J˜ anticommute if and
only if
J12 J˜12 − J13 J˜13 =
√(
J212 − J213 − 1
)(
J˜212 − J˜213 + 1
)
. (4.8)
Eq. (4.8) ﬁxes one among parameters J12, J13, J˜12, J˜13 in terms of the remaining ones, for example,
J˜13 =
J12 J13 J˜12 ±
√
J212 J
2
13 J˜
2
12 + ( J212 − 1)( J212 − J213 − 1− J˜212)
J212 − 1
.
Hence, taking into account Theorems 4.2 and 4.4, we proved the following
Theorem4.6. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type B admits a three-parameter
family of invariant almost para-hypercomplex structures ( J , J˜ ) compatible with its invariant pseudo-Riemannian metric g, namely,
all the ones determined with respect to the pseudo-orthonormal basis (4.1) by an almost complex structure J given by (4.4) and an
almost paracomplex structure J˜ of the form (4.6), satisfying the restriction (4.8). None of these structures is para-hypercomplex nor
almost para-hyper-Kähler.
5. Type D
Let (M = G/H, g) denote a generalized symmetric space of type D . For the Lie algebra g = m⊕h of the Lie group G , there
exist a basis {U1,U2,U3,U4, A}, with {U1,U2,U3,U4} and {A} bases of m and h respectively, such that the Lie brackets and
the inner product are completely determined by
[ , ] U1 U2 U3 U4 A
U1 0 0 0 −U2 U1
U2 0 0 −U1 0 −U2
U3 0 U1 0 −A 2U3
U4 U2 0 A 0 −2U4
A −U1 U2 −2U3 2U4 0
and
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U1 0 1 0 0
U2 1 0 0 0
U3 0 0 0 λ
U4 0 0 λ 0
where λ = 0 is a real constant [10]. Thus, we construct a pseudo-orthonormal basis {e1, e2, e3, e4} of m, putting ε = λ|λ| = ±1
and considering
e1 = 1√
2
(U1 + U2), e2 = 1√
2|λ| (U3 + εU4), e3 =
1√
2
(U1 − U2), e4 = 1√
2|λ| (U3 − εU4). (5.1)
It is easily seen that e1, e2 are space-like vector ﬁelds, while e3, e4 are time-like.
Consider now a non-degenerate invariant skew-symmetric bilinear form Ω on m, determined by the skew-symmetric
matrix (Ωi j) of its components with respect to {ui}. As Ω is invariant if and only if ρ(A)T ◦ Ω + Ω ◦ ρ(A) = 0, we get
Ω23 = 2Ω14 and Ω43 = 2Ω12. The integrability condition (2.3) is then satisﬁed if and only if Ω12 = Ω14 = 0, and condition
(s2) holds if and only if Ω13Ω24 = 0. Therefore, we have the following.
Theorem 5.1. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type D admits a two-parameter
family of invariant symplectic forms, described by
Ω = Ω13u1 ∧ u3 + Ω24u2 ∧ u4, (5.2)
with Ω13Ω24 = 0, with respect to the basis {ui} of 1-forms dual to the pseudo-orthonormal basis (5.1) of m.
Next, we consider a linear map T : m → m compatible with g . With respect to the pseudo-orthonormal basis {ui} de-
scribed in (5.1), the map T is described as in (2.4), with ε = −1. Requiring that T is invariant (i.e., that T commutes with
the isotropy representation), we ﬁnd T12 = T14 = T23 = T34 = 0. Thus,
T =
⎛
⎜⎝
0 0 T13 0
0 0 0 T24
T13 0 0 0
0 T24 0 0
⎞
⎟⎠ . (5.3)
Because of (5.3), we have that T 2 = −Id. Next, T = J˜ satisﬁes J˜2 = Id if and only if T13 = ±1 and T24 = ±1. Therefore, up
to sign there exist two distinct invariant almost paracomplex structures on M = G/H compatible with g , given by
J˜ u1 = u3, J˜ u2 = εu4. (5.4)
It is easily seen that such an almost paracomplex structure is integrable if and only if ε = 1. Thus, the following result holds.
Theorem 5.2. A four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type D does not admit any
invariant almost complex structure compatible with g.
On the other hand, any four-dimensional Riemannian generalized symmetric space (M = G/H, g) of type D admits two distinct
invariant almost paracomplex structures compatible with g. With respect to the pseudo-orthonormal basis (5.1) of m, these invariant
almost paracomplex structures are described by (5.4). In particular, up to sign there exists a unique invariant paracomplex structure,
given by
J˜u1 = u3, J˜ u2 = u4. (5.5)
Next, the fundamental 2-form g(X, J˜ Y ) of an almost paracomplex structure J˜ given by (5.4) is of the form (5.2), with
Ω13 = 1 and Ω24 = ε and so, is symplectic. Therefore, we obtained the following results.
Theorem 5.3. Let (M = G/H, g) be a four-dimensional pseudo-Riemannian generalized symmetric space of type D. Then, (M =
G/H, g, J˜ ,Ω) is a homogeneous almost para-Kähler manifold for both invariant almost paracomplex structures J˜ given by (5.4),
where Ω is the fundamental 2-form determined by g and J˜ .
Corollary 5.4. Any four-dimensional pseudo-Riemannian generalized symmetric space (M = G/H, g) of type D has a structure of
homogeneous para-Kähler manifold, namely, the one determined by the paracomplex structure J˜ , unique up to sign, given by (5.5).
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We brieﬂy recall some basic deﬁnitions on contact metric structures. We may refer to [4] for further information and to
[23,9] for the pseudo-Riemannian generalization.
A contact manifold is a (2n + 1)-dimensional manifold M equipped with a global 1-form η such that η ∧ (dη)n = 0
everywhere on M . A contact (pseudo-)metric structure (ϕ, ξ,η, g) on M is given by a contact form η, a global vector ﬁeld ξ
(called the characteristic vector ﬁeld), a global tensor ϕ of type (1.1) and a pseudo-Riemannian metric g , such that
η(ξ) = 1, ϕξ = 0, ηϕ = 0, ϕ2 = −Id+ η ⊗ ξ
and
η = ±g(ξ, ·), dη = g(·,ϕ·), g(·,ϕ·) = −g(ϕ·, ·).
To note that g has signature either (n + 1,n) or (n,n + 1) [9]. In particular, g(ξ, ξ) = ±1 and so, ξ is either space-like or
time-like, but cannot be light-like. We refer to (M,ϕ, ξ,η, g) as a contact (pseudo-)metric manifold.
A K-contact manifold is a contact metric manifold such that ξ is a Killing vector ﬁeld with respect to g (equivalently,
Lξϕ = 0, where L denotes the Lie derivative). If the almost complex structure J on M ×R deﬁned by
J
(
X, f
d
dt
)
=
(
ϕX − f ξ,η(X) d
dt
)
is integrable, M is said to be Sasakian. Any Sasakian manifold is K -contact, but the converse does not hold in dimension
greater than three.
Finally, a contact metric manifold (M,ϕ, ξ,η, g) is said to be homogeneous if there exists a connected Lie group G of
isometries acting transitively on M and leaving η (and so, the whole contact metric structure) invariant. Three-dimensional
homogeneous contact metric manifolds were classiﬁed in [22]. Recently, ﬁve-dimensional Lie algebras with left-invariant
Kähler and K -contact structures were respectively classiﬁed in [3] and [7].
Basic deﬁnitions on paracontact metric manifolds are very similar to the ones given above. More details may be found
in [26] and references therein. So, a paracontact metric structure on a (2n+ 1)-dimensional smooth manifold M is formed by
a (1,1)-tensor ϕ˜ , a global vector ﬁeld ξ , a contact 1-form η and a pseudo-Riemannian metric g , such that
η(ξ) = 1, ϕ˜ξ = 0, ηϕ˜ = 0, ϕ˜2 = Id− η ⊗ ξ,
the restriction J˜ of ϕ˜ on the horizontal distribution Kerη is an almost paracomplex structure, and
η = g(ξ, ·), dη = g(·, ϕ˜·), g(·, ϕ˜·) = −g(ϕ˜·, ·).
Then, g necessarily has signature (n + 1,n). We denote by (M, ϕ˜, ξ,η, g) a paracontact metric manifold. Para-Sasakian mani-
folds are paracontact metric manifolds such that the almost paracomplex structure
J˜
(
X, f
d
dt
)
=
(
ϕ˜X − f ξ,η(X) d
dt
)
is integrable, while K-paracontact manifolds are deﬁned by condition Lξ ϕ˜ = 0 and characterized by the property that ξ is
a Killing vector ﬁeld.
It is clear from the basic facts we reported above that (para)contact metric structures are the odd-dimensional ana-
logues of (para)Hermitian structures. Moreover, this correspondence is not purely formal, as we can see in the case of
K -(para)contact and (para)Sasakian structures which we can be obtained by contactization of almost (para)Kähler and Käh-
ler structures.
Consider a homogeneous symplectic manifold (M = G/H,Ω). The symplectic form Ω determines a closed 2-form ω =
(π∗Ω)e on g, where π and e respectively denote the projection from G to G/H and the identity of g. As explained in [1],
the form ω deﬁnes a central extension g¯ := g⊕R ξ of the Lie algebra g = m⊕ h of G , given by
[X, Y ] = [X, Y ]g −ω(X, Y )ξ, [ξ, X] = 0, ∀X, Y ∈ g,
and an exact form ω˜ = dη on g¯, satisfying η(X + aξ) = a for all X ∈ g. Then, η is an invariant contact structure on the
homogeneous space M¯ = G¯/H .
In particular, suppose now that (M = G/H, g, J ,Ω) is a homogeneous almost Kähler manifold. Then, (M¯ = G¯/H,ϕ, ξ,
η, g¯) is a homogeneous contact metric manifold, where ϕ and g¯ are natural extensions to g¯ of J and g respectively,
deﬁned by
ϕξ = 0, ϕ(X) = J X
and
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for all X, Y ∈ g. More precisely, as [ξ,g] = 0, we have at once Lξϕ = 0. Hence, (M¯ = G¯/H,ϕ, ξ,η, g¯) is a homogeneous K -
contact manifold. Notice that its contact distribution is given by kerη = M . So, in the special case when (M = G/H, g, J ,Ω)
is a homogeneous Kähler manifold, its contactization (M¯ = G¯/H,ϕ, ξ,η, g¯) is a homogeneous Sasakian manifold. Clearly,
the same argument also applies to the contactization of almost para-Kähler and para-Kähler homogeneous manifolds. Sum-
marizing, starting from the contactization of a symplectic homogeneous space described in [1], we have the following.
Theorem 6.1. Let (M = G/H, g, J ,Ω) denote a homogeneous almost (para)Kähler manifold. Then, its contactization (M¯ =
G¯/H,ϕ, ξ,η, g¯) is a homogeneous K -(para)contact manifold. In particular, (M = G/H, g, J ,Ω) is (para)Kähler if and only if
(M¯ = G¯/H,ϕ, ξ,η, g¯) is (para)Sasakian.
Applying Theorem 6.1 to the classiﬁcation of invariant almost Kähler and para-Kähler structures we obtained in the
previous sections, we then get the following results.
Theorem 6.2. Up to isomorphisms, the following are all and the ones ﬁve-dimensional homogeneous K -contact manifolds (M¯ =
G¯/H,ϕ, ξ,η, g¯) obtained by contactization of four-dimensional almost Kähler generalized symmetric spaces:
(i) (kerη is of type A and Riemannian.) There exists a pseudo-orthonormal basis {u0,u1,u2,u3,u4} of m¯ and a basis {B} of h, such
that
• the metric is given by g¯(u0,u0) = ±1, g¯(ui,ui) = 1 for i = 1, . . . ,4;
• the nonzero Lie brackets are given by
[u1,u2] = u0, [u1,u3] = − 1√
λ
u1, [u1,u4] = 1√
λ
u2,
[u2,u3] = 1√
λ
u2, [u2,u4] = 1√
λ
u1, [u3,u4] = εu0 − δ2B,
[u1, B] = u2, [u2, B] = −u1, [u3, B] = −2u4,
[u4, B] = 2u3;
• the contact structure is (ϕ, ξ,η), where ξ = u0 , η = ε¯ g¯(u0, ·) and ϕ is determined by
ϕu1 = u2, ϕu3 = εu4 = ±u3.
In particular, (M¯ = G¯/H,ϕ, ξ,η, g¯) is Sasakian if and only if ε = −1.
(ii) (kerη is of type A and pseudo-Riemannian.) There exists a pseudo-orthonormal basis {u0,u1,u2,u3,u4} of m¯ and a basis {B} of
h, such that
• the metric is given by g¯(u0,u0) = ±1, g¯(u1,u1) = g¯(u2,u2) = 1, g¯(u3,u3) = g¯(u4,u4) = −1;
• the nonzero Lie brackets are given by
[u1,u2] = u0, [u1,u3] = − δ√2u1, [u1,u4] =
δ√
2
u2,
[u2,u3] = δ√2u2, [u2,u4] =
δ√
2
u1, [u3,u4] = εu0 − δ2B,
[u1, B] = u2, [u2, B] = −u1, [u3, B] = −2u4,
[u4, B] = 2u3;
• the contact structure is (ϕ, ξ,η), where ξ = u0 , η = ε¯ g¯(u0, ·) and ϕ is determined by
ϕu1 = u2, ϕu3 = εu4 = ±u4.
In particular, (M¯ = G¯/H,ϕ, ξ,η, g¯) is Sasakian if and only if ε = −1.
(iii) (kerη is of type B.) There exists a pseudo-orthonormal basis {u0,u1,u2,u3,u4} of m¯ and a basis {A} of h, such that
• the metric is given by g¯(u0,u0) = ±1, g¯(u1,u1) = g¯(u2,u2) = 1, g¯(u3,u3) = g¯(u4,u4) = −1;
• the nonzero Lie brackets are given by
[u1,u2] = u0 ± (2λ − 1)A, [u1,u3] = −u1 + u3, [u1,u4] = ±2λA + u2 − u4,
[u2,u3] = ∓2λA + u2 − u4, [u2,u4] = u1 − u3, [u3,u4] = −u0 ± (2λ + 1)A,
[u1, A] = −2(u2 − u4), [u2, A] = 2(u1 − u3), [u3, A] = −2(u2 − u4),
[u4, A] = 2(u1 − u3);
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ϕu1 = u2, ϕu3 = u4.
In this case, (M¯ = G¯/H,ϕ, ξ,η, g¯) is not Sasakian.
Theorem 6.3. Up to isomorphisms, the following are all and the ones ﬁve-dimensional homogeneous K -paracontact manifolds (M¯ =
G¯/H,ϕ, ξ,η, g¯) obtained by contactization of four-dimensional almost para-Kähler generalized symmetric spaces:
(i) (kerη is of type D.) There exists a pseudo-orthonormal basis {u0,u1,u2,u3,u4} of m¯ and a basis {A} of h, such that
• the metric is given by g¯(u0,u0) = g¯(u1,u1) = g¯(u2,u2) = 1, g¯(u3,u3) = g¯(u4,u4) = −1;
• the Lie brackets are given by
[u1,u2] = −[u3,u4] = − 1
2
√
2|λ|
{
(1+ ε)u1 + (1− ε)u3
}
,
[u1,u3] = −u0, [u2,u4] = −ε′u0 + ε
√
2
|λ| A,
[u1,u4] = [u2,u3] = − 1
2
√
2|λ|
{
(1− ε)u1 + (1+ ε)u3
}
,
[u1, A] = u3, [u2, A] = 2u4, [u3, A] = u1, [u4, A] = 2u2;
• the paracontact structure is (ϕ˜, ξ,η), where ξ = u0 , η = g¯(u0, ·) and ϕ˜ is determined by
ϕ˜u1 = u3, ϕ˜u2 = ε¯u4 = ±u4.
In particular, (M¯ = G¯/H,ϕ, ξ,η, g¯) is para-Sasakian if and only if ε¯ = 1.
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